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Abstract

The Zipf distribution is widespread in physical and biological systems on the modern Earth; whether such distributions existed in the
ancient Earth-life system, however, remains understudied. Here I demonstrate that per-capita change rates (PCCRs) of the atmospheric
CO2 level, global average temperature, genus richness, and body size during the Phanerozoic exhibited Zipf distributions. Statistical anal-
yses, including the goodness-of-fit test, likelihood-ratio test, and complementary cumulative distribution function (CCDF), support these
Zipf distributions. Moreover, correlation analyses show that these environmental variables and biological metrics are correlated while
their PCCRs are not, suggesting that Zipf distributions in PCCRs are unlikely to directly connect to each other; instead, there probably
existed a set of common but unknown factors responsible for these systematic Zipf distributions in PCCRs. The results in this study offer
new perspectives on the evolutionary patterns of the ancient Earth-life system.
� 2023 Elsevier B.V. and Nanjing Institute of Geology and Palaeontology, CAS. All rights are reserved, including those for text and data mining,
AI training, and similar technologies.
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1. Introduction

Geological and biological systems on Earth’s surface
underwent significant changes during the Phanerozoic.
Modern geochemical techniques and theoretical models
are remarkably successful at reconstructing the evolution-
ary trajectories of environmental variables such as the
atmospheric CO2 level and global average temperature.
These variables are closely tied to the course of life evolu-
tion. Changes in the atmospheric CO2 level manifest the
variations in the geological and biological components of
Earth’s carbon cycle (Hayes and Waldbauer, 2006;
Galvez et al., 2020). Temperature significantly influences
oceanic redox states and therefore the metabolisms and
evolution of marine life (Sheridan and Bickford, 2011;
Deutsch et al., 2015). As a methodological counterpart of
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environmental variables, fossil records provide comple-
mentary information to investigate the variations in the
Earth-life system. Significant efforts have been dedicated
to revealing the patterns, and underlying mechanisms, of
the Phanerozoic evolution of life from fossil records
(Sepkoski, 2002; Alroy et al., 2008). Several quantitative
metrics, including genus richness and body size, have been
widely used to distill meaningful information from fossil
data. Many intriguing phenomena appearing in the evolu-
tionary course of Phanerozoic life, such as cyclicity (Raup
and Sepkoski, 1984; Rohde and Muller, 2005), contingency
(Gould, 1990; Blount et al., 2018), and self-organization
criticality (Newman, 1996; Bak, 2013), have been brought
to light, enriching our understanding of the fundamental
mechanisms governing the evolution of life at geologic
timescales.

The Zipf distribution, also referred to as Zipf’s law or in
a more general form the Zipf-Mandelbrot law, is a mathe-
matical distribution in which the r-th most frequent event
ontology, CAS. All rights are reserved, including those for text and data

https://doi.org/10.1016/j.palwor.2023.12.006
mailto:htshang.research@gmail.com
https://doi.org/10.1016/j.palwor.2023.12.006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.palwor.2023.12.006&domain=pdf


Fig. 1. (a) Histogram of sample counts (blue bars) of 10,000 data points randomly sampled from a Zipf distribution: pðX Þ = X�5. Black dots represent
expected counts. (b) Log-log plot of the sample counts versus X (blue circles) of 10,000 data points randomly sampled from the same Zipf distribution:
pðX Þ = X�5 and log-log plot of expected counts versus X (black dots). The expected counts in panels (a) and (b) are calculated based on the given Zipf
distribution: pðX Þ = X�5.
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has a frequency f rð Þ that scales as f rð Þ / r�a, where r and
a > 0 are the frequency rank and Zipf exponent, respec-
tively (Zipf, 1949). In other words, the Zipf distribution
describes a process in which the probability of an observa-
tion is inversely proportional to its rank. Fig. 1 shows the
distributions of data randomly sampled from Zipf’s law.
Fig. 1a illustrates the distribution on a histogram and
Fig. 1b demonstrates the distribution on a log-log plot.
The Zipf distribution is manifested by a straight line on a
double logarithmic plot (Fig. 1b), which is also called a
Zipf plot in this context, and implies that the underlying
regularity of such a relation is independent of a specific
scale (Bak et al., 1988; Schroeder, 2009; Bak, 2013). The
Zipf distribution appears widely in natural and social phe-
nomena, such as the frequencies of amino acids (Mora
et al., 2010) and expressed genes (Furusawa and Kaneko,
2003) in various organisms and tissues, spiking activities
of neurons (Mora and Bialek, 2011; Tyrcha et al., 2013),
magnitudes of earthquakes (Mega et al., 2003; Gerlach
and Altmann, 2019), frequencies of words in written texts
(Cancho and Solé, 2003; Zipf, 1949), and fluctuations in
financial markets (Ausloos and Bronlet, 2003; Fujiwara,
2004). However, whether Zipf distributions existed in the
ancient Earth-life system remains understudied.

Here, to explore the Zipf distribution in deep-time geo-
logical and biological systems, I investigate the time series
of Phanerozoic atmospheric CO2 level, global average
Fig. 2. Zipf distributions in the PCDRs, PCIRs, and PCVRs of (a–c) atmosp
richness (GR), and (j–l) body size (BS) in the Phanerozoic. The time step betwe
quantities is 0.1 Myr (Section 2). Filled green squares, red diamonds, blue triang
Phanerozoic atmospheric CO2 level, global average temperature, genus richnes
that do not follow the Zipf distribution are not included in data fitting (Section
of each dataset.
temperature, genus richness, and body size reconstructed
by previous studies (Heim et al., 2015; Foster et al., 2017;
Kocsis et al., 2019; Scotese et al., 2021). I show that the
Zipf distribution exists in the PCCRs of these four quanti-
ties; the goodness-of-fit test, likelihood-ratio test, and
CCDF support this result. These Zipf distributions in the
four key environmental variables and biological metrics
suggest that extreme changes were much rarer than small
ones during the Phanerozoic, implying that the Earth-life
system likely had developed strong resilience to crises in
this eon. The fundamental mechanisms responsible for
these systematic Zipf distributions remain unknown; fur-
ther studies are required to explore the factors resulting
in such patterns.

2. Materials and methods

The datasets on the Phanerozoic atmospheric CO2 level
and global average temperature are from Foster et al.
(2017) and Scotese et al. (2021), respectively. Original data
points in these two time series are evenly spaced with time
steps of 0.5 million years (Myr) and 1 Myr, respectively.
The dataset on the Phanerozoic genus richness is originally
from the Paleobiology Database (https://paleobiodb.org/)
and standardized/subsampled in the same manner as the
work by Alroy et al. (2008) and Kocsis et al. (2019). The
dataset on body sizes of Phanerozoic marine animals is
heric CO2 level (CO2), (d–f) global average temperature (T), (g–i) genus
en two consecutive data points in the interpolated time series of these four
les, and orange circles represent the PCCRs versus counts (i.e., N’s) for the
s, and body size, respectively. The initial small values in panels (b) and (g)
2). Gray dashed lines are the best-fitting Zipf distributions for the PCCRs
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Table 1
Zipf distributions for the PCDRs, PDICs, and PCVRs of the atmospheric CO2 level (CO2), global average temperature (T), genus richness (GR), and body
size (BS). The time step between two consecutive data points on the interpolated time series of these four quantities is 0.1 Myr (Section 2). The R2, RMSE,
pKS, and pCM represent the coefficient of determination, root mean square error, the p-value of the KS test, and the p-value of the CM test, respectively, of
the least-squares fitting on the log-log plots. The LREXP, LRS-EXP, and LRLN represent the log-likelihood ratios for the Zipf distribution against
exponential, stretched exponential, and lognormal distributions, respectively, for each dataset. The pEXP, pS�EXP, and pLN are the p-values for the statistical
significance of these tests.

Category Quantity Zipf distribution Goodness-of-fit test Likelihood-ratio test

R2 RMSE pKS pCM LREXP pEXP LRS-EXP pS�EXP LRLN pLN

PCDR Atmospheric CO2 level N � PCDRCO2j j�2:67 0.97 0.11 0.96 0.98 8.39 4:65� 10�17 4.31 4:31� 10�5 5.25 1:49� 10�7

Global average temperature N � PCDRTj j�2:33 0.98 0.12 0.93 0.88 16.24 2:55� 10�59 3.58 0.005 0.19 0.197
Genus richness N � PCDRGRj j�2:71 0.95 0.10 1.00 1.00 14.33 1:49� 10�46 2.20 0.014 2:20 0:006

Body size N � PCDRBSj j�2:24 0.93 0.20 0.93 0.76 14.59 9:35� 10�48 6.22 4:99� 10�10 5.97 2:04� 10�9

PCIR Atmospheric CO2 level N � PCIRCO2j j�2:82 0.94 0.17 0.94 0.89 8.56 1:10� 10�17 6.84 7:46� 10�12 8.65 5:28� 10�18

Global average temperature N � PCIRTj j�2:73 0.94 0.13 0.92 0.89 7.79 6:51� 10�15 2.02 0.034 1.10 0.013
Genus richness N � PCIRGRj j�2:32 0.89 0.25 0.99 1.00 23.74 1:39� 10�124 11.6 3:92� 10�31 12.86 7:40� 10�38

Body size N � PCIRBSj j�2:34 0.95 0.21 0.99 0.92 5.32 1:01� 10�7 2.28 0.003 1.17 0.023
PCVR Atmospheric CO2 level N � PCVRCO2j j�2:63 0.96 0.19 0.93 0.93 8.21 2:21� 10�16 2.86 0.004 0.81 0.015

Global average temperature N � PCVRTj j�2:72 0.87 0.16 0.95 0.98 13.11 3:06� 10�39 2.04 0.041 3.54 0.004
Genus richness N � PCVRGRj j�2:33 0.91 0.27 0.99 1.00 16.15 1:15� 10�58 9.79 1:20� 10�22 10.04 9:69� 10�24

Body size N � PCVRBSj j�2:85 0.97 0.14 1.00 0.99 7.99 1:27� 10�15 1.01 0.147 1.47 0.009
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from the study by Heim et al. (2015); the original data
points in this time series are at the stage level (i.e., time
intervals between consecutive points have varying lengths).
I group these data points of body sizes into bins with the
width of 1 Myr and calculate the mean in each bin; the time
step of the time series for mean body size therefore is 1
Myr. The Zipf distribution usually spans several orders
of magnitude; a time series with a finer time step offers
more data points and therefore a more prominent Zipf-
distribution pattern. Therefore, I interpolate the datasets
of these four quantities using smoothing splines, which
have been demonstrated to be effective for fitting these
quantities (Rohde and Muller, 2005; Foster and Rohling,
2013; Vérard and Veizer, 2019), with the time step of 0.1
Myr. On the other hand, such a high resolution of strati-
graphic age is generally difficult to achieve in reality. To
mimic the coarser stratigraphic resolution in practice, I
interpolate the four time series with the time step of 1
Myr. These two sets of time series with finer and coarser
time resolution (i.e., 0.1 Myr and 1 Myr) are both used
for the following analyses.

I denote the difference between two consecutive data
points by Dui ¼ uiþ1 � ui and the length of a time step
by Dti ¼ tiþ1 � ti. The PCCR at time ti, PCCRi, which mea-
sures the variation Dui relative to the original value ui dur-
ing the unit time Dti is expressed as
Fig. 3. Complementary cumulative distribution functions (CCDFs) P for the
global average temperature (T), (g–i) genus richness (GR), and (j–l) body size (B
in the interpolated time series of these four quantities is 0.1 Myr (Section 2)
represent the CCDFs for PCCRs of the Phanerozoic atmospheric CO2 level, gl
initial values in panels (b) and (g) that do not follow the Zipf distribution are n
Zipf distributions for the CCDFs of each dataset.
PCCRi ¼ 1

Dt
Dui

ui
:

I divide PCCRs of each variable into three groups: per-
capita decrease rate (PCDR), per-capita increase rate
(PCIR), and per-capita variation rate (PCVR); the ri’s that
fall into these three groups are denoted by PCDR ¼
PCCRij kPCCRi < 0f g, PCIR ¼ PCCRijPCCRi > 0f g,

and PCVR ¼ PCCRij kPCCRi–0f g, respectively. Loga-
rithms of negative values are undefined; absolute values
of data in these three groups, denoted by
jPCDRj ¼ PCCRij kPCCRi < 0f g, jPCIRj ¼ PCCRijf
PCCRi > 0g, and jPCVRj ¼ PCCRij kPCCRi–0f g, are
used to analyze the Zipf distributions in the datasets. Zero
values (i.e., PCCRi ¼ 0) are not included in the analyses for
two reasons: they indicate no change, and an exponential
function with a zero base is undefined mathematically
when the exponent in a Zipf distribution is negative.

Zipf distributions are heavy-tailed, which means that
large values appear at their right ends (Clauset et al.,
2009; Alstott et al., 2014). The interesting properties of Zipf
distributions are in their heavy tails; conventionally, the
initial data points that do not follow a Zipf distribution
are discarded prior to fitting the data (Clauset et al.,
2009; Alstott et al., 2014). Identifying where to truncate
the time series {PCCRi} requires finding the data point
PCDRs, PCIRs, and PCVRs of (a–c) atmospheric CO2 level (CO2), (d–f)
S) in the Phanerozoic. The time step between two consecutive data points
. Empty green squares, red diamonds, blue triangles, and orange circles
obal average temperature, genus richness, and body size, respectively. The
ot included in data fitting (Section 2). Gray dashed lines are the best-fitting

"



1174 H. Shang / Palaeoworld 33 (2024) 1170–1178



H. Shang / Palaeoworld 33 (2024) 1170–1178 1175



3

1176 H. Shang / Palaeoworld 33 (2024) 1170–1178
(PCCRc) beyond which the Zipf distribution starts to
appear. To determine PCCRc, I first establish a Zipf-
distribution fit beginning at each individual data point in
{PCCRi} and then select the point giving the minimum dis-
tance between the data and the fit (Clauset et al., 2009;
Alstott et al., 2014). The truncated dataset starting at
PCCRc thus is the optimal Zipf distribution for the original
dataset {PCCRi}. The Kolmogorov-Smirnov (KS) test
(Massey, 1951) and Cramer-von Mises (CM) two-sample
test (Anderson, 1962) are performed to justify that the fit-
ted Zipf distributions adequately describe the datasets. Fol-
lowing the convention, I set the critical p-value to 0.05. If
the p-value is greater than 0.05, one fails to reject the null
hypothesis and concludes that Fdata is very likely to be
the same as F0; otherwise, one rejects the null hypothesis
and concludes that Fdata is unlikely to be the same as F0.

To verify whether the Zipf distribution performs better
than other heavy-tailed distributions, such as stretched-
exponential and lognormal distributions, I perform the
likelihood-ratio test (Clauset et al., 2009; Alstott et al.,

2014): LR ¼ log LZ DatajcHZ

� �
=LA DatajdHA

� �h i
, in

which LZ is the likelihood of a Zipf distribution (fitted
using the above procedure), LA is the likelihood of an
alternative distribution (fitted with maximum likelihood

estimation), and cHZ and dHA are the parameter values that
maximize LZ and LA, respectively, over the parameter
space. If LR > 0, then the Zipf distribution outperforms
the alternative distribution for a given dataset; neverthe-
less, if LR < 0, then the alternative distribution fits a given
dataset better than the Zipf distribution. Furthermore, I
standardize the LR with the standard deviation to correct
for chance fluctuations (Vuong, 1989; Clauset et al.,
2009) and obtain a p-value for justifying whether the sign
of LR is statistically significant. I set the significance level
for the p-value as 0.05. If p < 0:05, then the likelihood-
ratio test is conclusive (because the sign of LR is unlikely
to originate from random fluctuations) and therefore one
distribution performs better than the other for a given
dataset. However, if p � 0:05; then the likelihood-ratio test
is inconclusive (because the sign of LR is likely to be caused
by random fluctuations) and thus both LZ and LA may
provide plausible fits for a given dataset.
3. Results and discussion

3.1. Zipf distributions

Fig. 2 illustrates Zipf distributions in the PCCRs of (a–
c) atmospheric CO2 level, (d–f) global average temperature,
Fig. 4. Heatmaps of the Pearson correlation coefficient (Pearson’s r) and Spea
quantities (i.e., the Phanerozoic atmospheric CO2 level (CO2), global average te
PCCRs of these quantities, and (e, f) each pair of the absolute values of th
interpolated time series of the four quantities is 0.1 Myr (Section 2). The num
values are presented in Table S2 in Supplementary data.
(g–i) genus richness, and (k–l) body size in the Phanerozoic.
The original time series of these four quantities are interpo-
lated with the time step of 0.1 Myr (Section 2). Table 1 pre-
sents the fitted mathematical expressions of these Zipf
distributions, coefficients of determination (R2’s), root
mean square errors (RMSEs), and p-values of the
Kolmogorov-Smirnov (pKS) and Cramer–von Mises
(pCM) tests (Section 2). The p-values of these tests are all
much greater than the critical threshold of 0.05 (Table 1),
suggesting that the mathematical expressions of Zipf distri-
butions in Table 1 fit the data well. A straight line on a log-
log plot is a necessary but not sufficient condition for a Zipf
distribution; datasets generated by other heavy-tailed dis-
tributions such as stretched-exponential and lognormal dis-
tributions may exhibit patterns close to Zipf distributions
due to chance fluctuations (Clauset et al., 2009).

To further confirm that the straight lines in Fig. 2 are
Zipf distributions, I perform the likelihood-ratio test
against exponential, stretched-exponential, and lognormal
distributions (Section 2); the results are presented in
Table 1. For most of these tests, the standardized likeli-
hood ratios are greater than zero and their associated p-
values are smaller than the critical value of 0.05, implying
that the Zipf distribution fits a given dataset better than
other heavy-tailed distributions (Section 2). The only
two exceptions are (1) the test for the Zipf distribution
against the lognormal distribution for jPCDRTj and (2)
the test for the Zipf distribution against the stretched-
exponential distribution for jPCVRBSj. In these two situa-
tions, while the likelihood ratios are greater than 0, the
accompanying p-values are larger than 0.05, suggesting
that these two tests are not conclusive. In other words,
the results of these two tests imply that (1) both the Zipf
and lognormal distributions may offer plausible fits for
jPCDRTj and (2) both the Zipf and stretched-
exponential distributions may be plausible for fitting
jPCVRBSj. On the other hand, Fig. 2 and Table 1 show
that the Zipf distribution systematically appears in the
PCCRs of the four quantities and generally outperforms
alternative distributions for these PCCRs. These observa-
tions together suggest that the Zipf distribution also
serves as a good option for fitting jPCDRTj and
jPCVRBSj. Moreover, an important characteristic of the
Zipf distribution is that its CCDF equals

P Xð Þ ¼ Pr X � xð Þ / X�b; where X is a random variable
and b > 0 is an exponent (Velarde and Robledo, 2017;
Corral et al., 2020). Fig. 3 shows that the CCDFs for
the PCDRs, PDICs, and PCVRs of the four quantities
also exhibit such patterns, which provides extra support
for the Zipf distributions presented in Fig. 2 and Table 1.
rman’s rank correlation coefficient (Spearman’s q) for (a, b) each pair of
mperature (T), genus richness (GR), and body size (BS)), (c, d) each pair of
ese PCCRs. The time step between two consecutive data points in the
eric values of the Pearson’s r and Spearman’s q for each pair and their p-
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While the results presented in Figs. 2, 3, and Table 1 are
plausible, the temporal resolution (i.e., time step) of these
time series, 0.1 Myr, is usually difficult to reach with the
current chronological techniques. To investigate the results
of using datasets with a coarser temporal resolution, I per-
form the same analyses on the four time series with the time
step of 1 Myr (Section 2); the Zipf distributions, CCDFs,
and statistical analyses are presented in Figs. S1, S2, and
Table S1, respectively, in Supplementary data. The pat-
terns and statistical results of the time series with a coarser
temporal resolution are similar to those of the time series
with a finer time step, implying that time steps used for
interpolation do not influence the basic patterns of the time
series and that the Zipf distribution is an intrinsic property
of the PCCRs of the four quantities studied in this work.

3.2. Correlations

To investigate whether the Zipf distributions in the
PCCRs of the four quantities — atmospheric CO2 level,
global average temperature, genus richness, and body size
— have certain connections to each other, I calculate the
Pearson correlation coefficient (i.e., Pearson’s r) and Spear-
man’s rank correlation coefficient (i.e., Spearman’s q) for
each pair of the four quantities, of the PCCRs of these
quantities, and of the absolute values of these PCCRs.
The results are illustrated in Fig. 4 and summarized in
Table S2 in Supplementary data. The values of Pearson’s
r and Spearman’s q for (1) CO2 level vs. temperature and
(2) genus richness vs. body size are positive while their p-
values are much less than 0.05 (the critical p-value), sug-
gesting that these pairs of quantities are positively corre-
lated. Such relations are consistent with the observations
in previous research, which has explained these positive
correlations as consequences of (1) the greenhouse effect
of CO2 (Berner, 1990; Sarmiento, 2006) and (2) the passive
diffusion of body size during evolution (Stanley, 1973;
Trammer, 2005), respectively. On the other hand, the val-
ues of Pearson’s r and Spearman’s q for (1) CO2 level vs.
genus richness and (2) temperature vs. genus richness are
negative while their p-values are much smaller than 0.05,
implying that these pairs of quantities are negatively corre-
lated. These relations may be attributed to (1) the ability of
diverse species in natural ecosystems to remove the atmo-
spheric CO2 and store carbon over geologic timescales
(Cardinale et al., 2012; Hooper et al., 2012) and (2) the
changes in extinction rates with temperature (Mayhew
et al., 2008; Song et al., 2021), respectively. However, sta-
tistically significant correlations appear neither among the
PCCRs of these quantities nor among the absolute values
of these PCCRs (Fig. 4 and Table S2 in Supplementary
data), indicating that the Zipf distributions presented in
Fig. 2 and Table 1 are unlikely to directly connect to each
other. Instead, the systematic Zipf distributions in the
PCCRs of geological and biological systems during the
Phanerozoic suggest that these patterns may derive from
some common but unknown mechanisms.
3.3. Closing remarks

This study shows that the Zipf distribution exists in the
PCCRs of the atmospheric CO2 level, global average tem-
perature, genus richness, and body size during the
Phanerozoic. Statistical analyses, including the goodness-
of-fit test, likelihood-ratio test, and CCDF, support these
Zipf distributions. The systematic appearance of Zipf dis-
tributions in the PCCRs of these environmental variables
and biological metrics, which characterize the evolutionary
trajectories of the Phanerozoic Earth-life system, indicates
that the frequency/probability of the occurrence of an
extreme change is much smaller than that of a small
change, implying that Earth’s surface environments might
have been stabilized and life’s resilience to crises probably
had been established across the Phanerozoic (Payne
et al., 2020). Moreover, most of these four quantities are
temporally correlated while their PCCRs are not (Fig. 4
and Table S2 in Supplementary data), indicating that the
Zipf distributions in the PCCRs seem not to be directly
connected to each other. What factors drove these uncorre-
lated PCCRs to systematically exhibit Zipf distributions
and why the coefficients and exponents in these Zipf distri-
butions take the specific values (Table 1) require future
investigation. Furthermore, studies have attributed the
Zipf distribution in a variety of natural systems on the
modern Earth to self-organized criticality, a crucial charac-
teristic of non-equilibrium systems possessing nonlinear
dynamics (Bak et al., 1988; Schroeder, 2009; Bak, 2013).
However, the existence of Zipf distributions is neither a
necessary nor a sufficient condition for self-organized crit-
icality (Solow, 2005; Touboul and Destexhe, 2017). Inter-
preting the fundamental mechanisms responsible for the
Zipf distributions presented in this study needs further
exploration.
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Fig. S1. Zipf distributions in the PCDRs, PCIRs, and PCVRs of (a–c) atmospheric CO2 level (CO2), 
(d–f) global average temperature (T), (g–i) genus richness (GR), and (j–l) body size (BS) in the 
Phanerozoic. The time step between two consecutive data points in the interpolated time series of 
these four quantities is 1 Myr (Section 2). Filled green squares, red diamonds, blue triangles, and 
orange circles represent the PCCRs versus counts (i.e., N’s) for the Phanerozoic atmospheric CO2 
level, global average temperature, genus richness, and body size, respectively. The initial small 
values in panels (b) and (g) that do not follow the Zipf distribution are not included in data fitting 
(Section 2). Gray dashed lines are the best-fitting Zipf distributions for the PCCRs of each dataset. 



 

Fig. S2. Complementary cumulative distribution functions (CCDFs) 𝑃 for the PCDRs, PCIRs, and 
PCVRs of (a–c) atmospheric CO2 level (CO2), (d–f) global average temperature (T), (g–i) genus 
richness (GR), and (j–l) body size (BS) in the Phanerozoic. The time step between two consecutive 
data points in the interpolated time series of these four quantities is 1 Myr (Section 2). Empty green 
squares, red diamonds, blue triangles, and orange circles represent the CCDFs for PCCRs of the 
Phanerozoic atmospheric CO2 level, global average temperature, genus richness, and body size, 
respectively. The initial values in panels (b) and (g) that do not follow the Zipf distribution are not 
included in data fitting (Section 2). Gray dashed lines are the best-fitting Zipf distributions for the 
CCDFs of each dataset. 



Table S1. Zipf distributions for the PCDRs, PDICs, and PCVRs of the Phanerozoic atmospheric CO2 level (CO2), global average 
temperature (T), genus richness (GR), and body size (BS). The time step between two consecutive data points in the interpolated time 
series of these four quantities is 1 Myr (Section 2). The 𝑅!, RMSE, 𝑝"#, and 𝑝$% represent the coefficient of determination, root mean 
square error, the 𝑝-value of the KS test, and the 𝑝-value of the CM test, respectively, of the least-squares fitting on the log-log plots. The 
𝐿𝑅EXP, 𝐿𝑅S-EXP, and 𝐿𝑅LN represent the log-likelihood ratios for the Zipf distribution against exponential, stretched exponential, and 
lognormal distributions, respectively, for each dataset. The 𝑝&'(, 𝑝#)&'(, and 𝑝*+ are the 𝑝-values for the statistical significance of these 
tests. 

Category Quantity Zipf distribution Goodness-of-fit test Likelihood-ratio test 

𝑹𝟐 RMSE 𝒑𝐊𝐒 𝒑𝐂𝐌 𝑳𝑹EXP 𝒑𝐄𝐗𝐏 𝑳𝑹S-EXP 𝒑𝐒)𝐄𝐗𝐏 𝑳𝑹LN 𝒑𝐋𝐍 

 
 
 

PCDR 

Atmospheric CO2 
level 

𝑁 ∼ |PCDR,-!|
)..00 0.97 0.23 0.96 0.92 5.93 2.08 × 10)12 7.92 1.45 × 10)30 12.93 5.63 × 10)14 

Global average 
temperature 

𝑁 ∼ |PCDR5|)..02 0.95 0.19 0.91 0.82 9.78 1.94 × 10).6 1.89 8.52 × 10)12 0.09 0.026 

Genus richness 𝑁 ∼ |PCDR78|)..29 0.90 0.14 0.98 0.99 12.84 1.49 × 10)6: 3.25 6.29 × 10)30 
 

7.36 11.6710).: 

Body size 𝑁 ∼ |PCDR;<|)..02 0.92 0.19 0.99 0.92 16.63 6.38 × 10)14 10.83 6.11 × 10)3. 9.12 7.41 × 10)36 
 
 

PCIR 

Atmospheric CO2 
level 

𝑁 ∼ |PCIR,-!|
)3.14 0.85 0.15 0.87 0.77 5.91 1.10 × 10)36 5.91 7.46 × 10).3 13.58 9.83 × 10).3 

Global average 
temperature 

𝑁 ∼ |PCIR5|)..29 0.94 0.24 0.94 0.89 9.05 2.83 × 10)19 4.75 0.176 4.96 3.28 × 10)12 

Genus richness 𝑁 ∼ |PCIR78|)..:6 0.85 0.24 0.98 0.92 19.56 4.67 × 10)4: 10.82 4.65 × 10).3 22.98 5.92 × 10)10 
Body size 𝑁 ∼ |PCIR;<|)..64 0.93 0.15 1.00 0.99 9.18 7.33 × 10)16 5.36 0.017 5.87 4.58 × 10)16 

 
 
 

PCVR 

Atmospheric CO2 
level 

𝑁 ∼ |PCVR,-!|
)..:4

 0.94 0.19 0.93 0.91 8.21 5.92 × 10)19 4.91 6.12 × 10)42 
 

2.94 8.76 × 10).6 

Global average 
temperature 

𝑁 ∼ |PCVR5|)..06 0.84 0.17 0.94 0.97 11.57 9.34 × 10).0 14.77 1.79 × 10)16 8.47 0.038 

Genus richness 𝑁 ∼ |PCVR78|)..00 0.96 0.13 0.99 0.97 17.28 3.75 × 10)3= 6.53 1.35 × 10).9 16.52 7.13 × 10)32 
Body size 𝑁 ∼ |PCVR;<|)..:4 0.98 0.09 1.00 0.99 4.05 4.83 × 10)92 8.94 9.33 × 10)14 6.78 0.354 

 



Table S2. Summary of statistical analyses for each pair of quantities (including the Phanerozoic 
atmospheric CO2 level (CO2), global average temperature (T), genus richness (GR), and body size 
(BS)), of the per-capita change rates (PCCRs) of these quantities, and of the absolute values of these 
PCCRs. The time step between two consecutive data points in the interpolated time series of the four 
quantities is 0.1 Myr (Section 2). Reported statistics include the Pearson correlation coefficient 
(Pearson’s r) with its p-value (pr) and the Spearman's rank correlation coefficient (Spearman’s ρ) 
with its p-value (pρ). 

Quantity Quantity pair Pearson’s r pr Spearman’s ρ pρ 
 
 

Environmental 
variables & 
biological 

metrics 

CO2 level vs. Temperature 0.33 ≪ 0.05 0.43 ≪ 0.05 
CO2 level vs. Genus richness − 0.27 ≪ 0.05 − 0.25 ≪ 0.05 

CO2 level vs. Body size 0.001 0.83 0.01 0.64 
Temperature vs. Genus richness − 0.29 ≪ 0.05 − 0.25 ≪ 0.05 

Temperature vs. Body size 0.06 ≪ 0.05 0.08 ≪ 0.05 
Genus richness vs. Body size 0.42 ≪ 0.05 0.39 ≪ 0.05 

 
PCCRs of 

environmental 
variables & 
biological 

metrics 

PCCRCO2 vs. PCCRT 0.03 ≪ 0.05 − 0.01 ≪ 0.05 
PCCRCO2 vs. PCCRGR 0.002 0.69 0.03 0.21 
PCCRCO2 vs. PCCRBS − 0.07 ≪ 0.05 − 0.04 ≪ 0.05 
PCCRT vs. PCCRGR − 0.09 ≪ 0.05 − 0.06 ≪ 0.05 
PCCRT vs. PCCRBS 0.04 0.27 0.02 0.67 

PCCRGR vs. PCCRBS 0.01 0.002 0.02 ≪ 0.05 
 

Absolute 
PCCRs of 

environmental 
variables & 
biological 

metrics 

|PCCRCO2| vs. |PCCRT| − 0.04 0.03 − 0.06 0.01 
|PCCRCO2| vs. |PCCRGR| 0.04 ≪ 0.05 0.01 0.07 
|PCCRCO2| vs. |PCCRBS| − 0.02 ≪ 0.05 0.04 ≪ 0.05 
|PCCRT| vs. |PCCRGR| 0.12 ≪ 0.05 0.07 0.12 
|PCCRT| vs. |PCCRBS| 0.05 0.13 0.02 0.37 

|PCCRGR| vs. |PCCRBS| 0.05 ≪ 0.05 0.07 ≪ 0.05 
 


